Gas-liquid criticality in the ultrasoft restricted primitive model (URPM) of polyelectrolytes is studied using the collective variables based theory. For the model, an effective Hamiltonian is derived and explicit expressions for all the coefficients are found in a one-loop approximation.
the URPM have been studied using finite size scaling MC simulations in the grand canonical ensemble. While these simulation results confirm the existence of the gas-liquid critical point, they fail to provide a conclusive evidence for the nature of criticality of the model as well as reliable values for the critical exponents. In addition, the estimates of the critical point parameters (T * c = 0.0134 and ρ * c = 0.26) differ from those given in [2] , i.e., T * c ∼ 0.018, ρ * c ∼ 0.16 (expressed in the same reduced units as in [4] ) which are obtained for smaller system sizes and without finite scaling size analysis. In general, the simulation results show a strong dependence of the coexistence envelope (its location and shape) on the system size compared to the case of the RPM. The gas-liquid phase coexistence in the URPM has been also predicted by the mean-field-like theories [5, 6] , although, with the critical point being considerably distant from the simulations. As expected, the mean-field theories predict a classical critical behavior near the critical point.
Motivated by the above-mentioned simulation studies, we address the issue of the gasliquid criticality in the URPM using the theory that exploits the method of collective variables (CVs) [7, 8] . The theory enables us to derive, on the microscopic grounds, the effective Hamiltonian and find all the relevant coefficients, including the square-gradient term, within the framework of the same approximation [9] . Using this theory, we obtained the effective Hamilton of the RPM in the vicinity of the gas-liquid critical point that takes into account the contribution from higher order correlations between the positive and negative ions [9, 10] . The resulting form of this Hamiltonian confirms the fact that its critical behaviour belongs to the universal class of a three-dimensional Ising model. Herein below, we derive the effective Hamiltonian of the URPM and, on this basis, analyse the phase and critical behaviour.
We consider an equimolar mixture of N + polycations of charge +Q and N − (= N + ) polyanions of charge −Q in a volume V with the total number density ρ = N/V (N = N + + N − ). The domain of the volume V occupied by polyions is denoted by Ω. Polyions bear an extended charge distribution ±Qρ(r) where the normalized distribution ρ(r) is supposed to be the same for both species and is given by a Gaussian law
is the radius of the polyion. The interaction potential between a polyion of species α and one of the species β is as follows [2] :
This pair potential is finite at a full overlap (erf(r/2σ) ∼ r as r → 0) ensuring the existence of the thermodynamic limit [4, 11, 12] . The Fourier transform of u αβ (r) has the form:
The model (1) is at equilibrium in the grand canonical ensemble, and by β = 1/k B T we denote the inverse temperature (k B is the Boltzmann constant) and µ is the chemical potential. We use the method of CVs, with the ideal gas system being a reference system.
In this case, one can use the exact functional representation of the grand partition function derived for a multicomponent system in [13] (see equation (18) in [13] ). For the model (1), it can be presented as follows:
where the Hamiltonian H[ρ N , ρ Q ] has the form:
In the above equations, ρ N and ρ Q denote the two CVs:
the field of the total number density and ρ Q (r) = ρ + (r) − ρ − (r) describing the field of the charge density (ρ +(−) (r), in turn, describes the field of the number density of the cations (anions)). u QQ is a linear combination of the interaction potentials u αβ (r):
α is the dimensionless chemical potential of the αth species, ν α = βµ α −3 ln Λ α , Λ α is the de Broglie thermal wavelength and ν S α is the self-energy of the αth species ν
Functional integrals (3)- (4) can be given a precise meaning in the case where the domain
with periodic boundary conditions. This means that we restrict ourselves to the fields ρ A (r) (A = N, Q) which can be written as Fourier series
is the reciprocal cubic lattice [14, 15] .
Expanding the entropic part of Hamiltonian (4) in powers of ρ N and ρ Q (more exactly, in powers of deviations of ρ N and ρ Q from their MF values), we arrive at the expression similar to that obtained in [9] (see equation (7) in [9] ). The main difference is that in the case of the URPM, the contributions from the hard sphere reference system to series expansion coefficients a (in) n reduce to the ideal gas terms. Next, following the procedure developed in [9] , one can derive the effective Hamiltonian of the URPM near the gas-liquid critical point.
Here, we directly use the expressions obtained in [9] replacing the contributions from the hard sphere system with the corresponding terms for the ideal gas model. As a result, the effective Hamiltonian in the Fourier space representation reads as
where δ k 1 +...+kn is the Kronecker symbol. The coefficients in a one-loop approximation have the form:
where ∆ν N =ν N − ν id N , the superscript "id" refers to the ideal gas system. g Q (q) is the screened potential
and the superscript (2) in equation (8) denotes the second-order derivative of g Q (q) with respect to the wave vector. The terms involving the screened potentials arise from the integration in (3) over the charge subsystem (the CVs ρ Q ).
Taking into account (2) and (9), one can obtain explicit expressions for coefficients (6)- (8):
In equations (10)- (12), the following notations are introduced: Herein below, we use explicit expressions (10)- (12) for the analysis of the gas-liquid phase separation.
First, we consider the critical point. At the critical point, the system of equations
holds. In addition to equations (13) The temperature and the density are given in the dimensionless unites: T * = k B T √ πσ/(2Q 2 ) and
The critical temperature and the critical density expressed in the reduced units are presented in table 1. In order to make some contact with the results obtained for the RPM, hereafter we use the same reduced units for the density as in [4] , i.e., ρ * = ρσ 3 where σ is the diameter of the polyion. Our choice of the reduced temperature, T * = k B T /u 0 with u 0 being the maximum strength of the attractive interaction, coincides with that of [1, 2, 4, 5] .
In particular, one gets u 0 = 2Q 2 /( √ πσ) for the URPM and u 0 = Q 2 /σ in the case of the RPM where σ is the diameter of the polyion in the former case and the diameter of the hard sphere/ion in the latter case. With the critical parameters defined in such a way, the critical temperature of the URPM appears to be smaller than the critical temperature of the RPM obtained in the same approximation, whereas the critical densities of the both models are nearly the same. As expected, our estimates of the critical parameters of the URPM coincide with the results obtained in [6] in the RPA.
To calculate the coexistence curve, first, equating the right-hand side of (10) to zero, we obtain an expression for the chemical potential. Then, the Maxwell double-tangent construction is employed. Figure 2 shows the coexistence curve of the URPM (a solid line)
in the (T * ,ρ * ) plane. The coexistence curve of the RPM (a dashed line) is presented for Finally, using equations (11) and (12), we calculate the reduced Ginzburg temperature t G where t G = (T G − T c )/T c (T G is the Ginzburg temperature and T c is the mean-field critical temperature). According to the Ginzburg criterion [15] , t G marks a lower bound of the temperature region where a mean-field description is self-consistent. For |t| ≪ t G , Ising critical behavior should be exhibited. One expects a crossover from the mean-field behaviour to the Ising-like critical behaviour when the reduced temperature |t| becomes of order t G [16] . The reduced Ginzburg temperature can be expressed in terms of coefficients of the Hamiltonian (5) as follows [17] :
where a 2,t = ∂a 2,0 /∂t| t=0 . Taking into account (11), one can obtain for a 2,t
where the same dimensionless units as in (11) are used.
Substituting the parameters of the URPM critical point in equations (11) (for n = 4), (12) and (14)- (15) corresponding values for the RPM obtained within the framework of the same approximation in [9] are presented in the table for comparison. As is seen, there is only a little difference between the results obtained for the both models. In particular, the models have much the same region of the effective density-density attractions: √ a 2,2 /σ ≃ 0.5. It is essential that the reduced Ginzburg temperature obtained for the URPM is close to that found for the RPM, i.e., t U RP M G ≃ 0.6t
RP M G
. It is worth noting that the reduced Ginzburg temperature of the RPM is about 20 times smaller than for the purely nonionic model (a one-component hard-sphere square-well model) [9] .
In summary, we have derived a microscopic-based effective Hamiltonian of the URPM in the vicinity of the gas-liquid critical point and have found analytic expressions for all the coefficients in the one-loop approximation. As for the RPM, the form of the effective Hamiltonian indicates that the critical behavior of the URPM belongs to the universal class of a three-dimensional Ising model. Based on this Hamiltonian, we have calculated the reduced Ginzburg temperature t G which, according to the Ginzburg criterion, marks the onset of the critical region. We have found that t G for the URPM is of the same order as for the RPM. In addition, our results have shown that the shapes of coexistence envelope of the URPM and the RPM resemble each other when presented in the similar dimensionless units. Our results suggest that the gas-liquid criticality in both models, i.e., the URPM and
